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This paper gives the two-dimensional extension for the noncommutative quantum 
dynamics of Rembielinski and Smolinski. 

Since the introduction of the noncommutative plane (so-called quantum 
plane) (Wess and Zumino, 1990) many theoretical physicists have attempted 
to build physical models based on this type of noncommutative geometry. 
The work of Aref'eva and Volovich (1991), Schwenk and Wess (1992), 
and Rembielinski and Smolinski (1993) relates to one-dimensional quantum 
dynamics only. In the commutative plane we can easily extend the results 
obtained in one dimension to more general cases, those in N dimensions. 
However, this is not the case in the quantum plane. In this paper we extend 
the result given in Rembielinski and Smolinski (1993) to the two-dimen- 
sional case. 

Our starting point for the noncommutative quantum dynamics in two 
dimensions is the following extended Hamiltonian: 

H = p2K~ + p2yl~yy + V(x, Kx, Ax, y, K r, Ay) (1) 

The commutation relations between coordinates and momenta are given by 

Xpx = q2pxx + ihqA2x + hypy 

YPx = qPxY 

X p y = q p y x  
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ypy = q2pyy + ihA 2 

P~y  = qPyPx 

xy = q-~yx (2) 

where h = q2 _ 1 and K~, K~, A~, and Ay are assumed to be additional 
Hermitian generators of the extended noncommutative algebra in two dimen- 
sions. Here we assume that the commutation relations among coordinates, 
momenta, and additional generators take the following form: 

xAx = ~A~r 

pxAx = ~-lAxPx 

yAy = l~yAyy 

pyAy = ~- tAypy 

xA, = ~,Ar, c 

yAx = r 

pxAy = ~3AyPx 

pyAx = ~A~y 

AxAy = TIAyA~ 

xKx = xZKxx 

p ltx = 

y I t ,  = 

pygy = eZyKypy 

xKy = rlKyX 

yK~ = rzKxy 

p~Ky = T3KyPx 

pyKx = "r4K~oy 

AxKx = "rh KxAx 

AxKy = 'rl2KyAx 

AyKy = 'q3gyAy 

AyK x = ,q4KxAy (3) 
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The consistency condition of  this system requires 

~2~2 = 1, qq-2  = ~2~4 

~1~3 = 1, 'If] = 1 

"ql = ~xTx, 'I"2'I"4 = (~xTx) 2 

"q2 = EyXy, '1"1'I" 3 ~-~ (Ty6.y) 2 

"f~3 = ~yTy '114 = (T2T4) 1/2 ~--- ExTx 

If we assume that Ax, A~, Kx, and Ky are constant in time, we have 

which implies that 

i 
Ax = ~ tn, a~] = 0  

i 
Ay = ~ [ H ,  Ay] = 0 

i 
[(x = ~ [H, Kx] = 0 

i 
[(y = ~ [O,  gy] = 0 

%'rx~ = 1, EyTy~2 = 1 

E~,'rx~l = 1, ~yTy~y = l 

% = 1 ,  '1"4=1 

% = 1 ,  "r3 = 1 

~'x = G - l ,  % = ~ t  

T x = ~ l  1, Ty = ~ y l  

r = ~;2 ,  r = 5 -2  

and the potential energy should satisfy 

v(~ ,  5Kx, ix, ~yy, ~yKy, iy) 

= V(~x, K,, ~xA,, ~x~y, K,, ~A~) 

= V(~,  Kx, ~yAx, ~y, ICy, ~ )  

= V(x, Kx, A.,  y, Ky, Ay) (5) 
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Then the extended noncommutative relations among coordinates, momenta, 
and additional generators take the following form: 

xA~ = ~ A ~  

pxAx = ~- IA~ 
yAy = ~yAyy 

pyAy = ~v I Aypy 

xAy= ~A~x 

yAx = ~yAxy 

pxAy = ~-IAyPx 

pyA x = ~ylA~py 

AxAy = AyAx 

xKx = ~x-2Kxx 

pxKx = K~Ox 
yKy = ~yEKyy 

pyKy = Kypy 

xr ,  =  ;2ryX 

yKx = ~-2Kxy 

pxKy = Kyp~ 

pyKx = KxPy 

AxKx = ~-lKxAx 

AxKy = ~ lKyAx 

AyKy = ~jy-lKyAy 

AyKx = ~-lKxAy (6) 

Then the Heisenberg equations of motion for x and y are given by 

i 
= [H, x] 

= [ ~ ( ~ - q 4 ) p ~ x + q ( q 2 + ~ ) p x A Z + i h k ( q 2 +  1)p~py]K 2 (7) 

i 
+ h (~2y _ q2)p~xK2 
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and 

where we set 

i 
= ~ [H, y] 

= i (~  _ q2)p2yi~ * 
h 

+ [h ( ~  - q')pZyy + q(q2 + ~)pyAy (8) 

in order to make the potential terms vanish. Similarly, we have the Heisenberg 
equation of  motion for the momenta  p~ and py: 

i 
Px = ~ [H, p.] 

= / (1 - q2)p2yPxK~y 
h 

i 
+ ~ px[V(q2x, Kx, Ax, qy, Ky, Ay) - V(x, Kx, A., y, By, Ay)] 

d 
- q dfq/~x)2 x V(x, K., A~, qy, Ky, Ay) 

i d 
+ ~ hqpy ~ V(qx, Kx, ~yAx, qy, Ky, ~yAy) 

2 d - qAy 7=.. V(x, ~K:,, Ax, qy, ~y2K,, Ay) (9) 
uqx 

and 

i /,, = ~ [H, p,I 

i 
= h (q2 _ l)pypx2K~ 

i 
+ ~ py[V(qx, K., ~yA., q2y, Ky, ~yAy) - V(x, K., A.,  y, Ky, Ay)] 

d 
- q 7 V ( q x ,  ~Kx, Ax, ~yy, ~-2Ky, Ay) a(q/~)Ey (lO) 
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where 

d_d V(x, K., A., y, Ky, Ay) 
dkx 

V(kx, Kx, A., y, Ky, Ay) - V(x, K., A., y, Ky, Ay) 

x ( k -  1) 

d_d V(x, K~, A~, y, Ky, Ay) 
dky 

V(x, Kx, Ax, ky, Ky, Ay) - V(x, Kx, Ax, y, Ky, Ay) 

y ( k -  1) 
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